This paper presents an analytic model for fatigue crack life prediction in fiber reinforced concrete (FRC). The model elucidates fatigue crack growth in cementitious matrix material under the influence of external cyclic load and fiber and aggregate bridging. It is shown that fiber-matrix interface damage is necessary to properly simulate the three experimentally observed stages of matrix crack growth, involving a decelerated stage, a steady state stage, and an accelerated stage towards final fracture failure. This model, which explicitly accounts for the positive role of fiber on fatigue life, predicts the existence of the well known fatigue limit load in standard S-N curve tests of FRCs. The basic framework of this analysis can be used to address fatigue life of FRC structures subjected to high cycle fatigue loading, as well as providing a basis for material design of fatigue resistant FRC at the microstructure level.
Introduction
Fatigue life of fiber reinforced concrete (FRC) is attracting significant attention for two reasons. First, FRCs are finding increasing use for applications such as road slabs, bridge overlays, tunnel linings, roofing tiles, and architectural wall panels where their remarkable short-term properties are advantageous. Second, civil infrastructures constructed decades ago are now deteriorating with increasing speed. At the time of construction, long-term durabilities were expected, but this has not been fully achieved. Deterioration of highly developed civil infrastructures causes many problems in our society, and a huge cost is required to maintain them. We would prefer to avoid such deterioration with materials used today, including FRCs. Therefore, the increasing use of FRCs requires both low life-cycle cost and high long-term durabilities, primarily measured as a long fatigue life in those applications where high cycle fatigue loading is expected. The importance of fatigue life necessitates a theoretical model that is capable of both predicting the fatigue life for a given FRC structure and designing an FRC material for a given fatigue life.
However, a theoretical prediction/design model has not been developed for fatigue life of FRCs. Fatigue life prediction/design of FRCs has been done mainly via an empirical approach so far. This approach requires time-consuming experimental data collection for a broad range of design cases followed by a statistical analysis which, in principle, is not applicable to other design cases. A theoretical model has to be developed for the above reasons, and such a prediction/design model has to be expressed explicitly in terms of microstructural parameters which govern fatigue behavior of FRCs.
A theoretical prediction/design model for fatigue life is developed in this paper. The theoretical model is based on the micromechanics of fiber bridging in short fiber reinforced brittle matrix composites and predicts fatigue crack growth, which is responsible for fatigue life of FRCs. The effects of microstructural parameters (for example, fiber length, fiber diameter, fiber modulus, fiber volume fraction, and interfacial bond strength) on fatigue crack growth can be examined. Fatigue crack growth for short fiber composites is simulated with the following three factors. First, fatigue crack growth in a matrix is related to crack tip stress intensity factor amplitude with the Paris law. Second, the contribution of crack bridging to the crack tip stress intensity factor amplitude is examined using a cyclic constitutive law for the relation between crack bridging stress amplitude and crack opening displacement amplitude. Finally, the influence of frictional bond degradation at fibermatrix interface during repeated load cycles is introduced. This influence is assumed to be governed by accumulated crack opening displacement change. The resulting model simulation is compared to a fatigue crack growth experiment of an FRC subjected to flexural cyclic loads. The comparative results are encouraging. This theoretical simulation successfully reproduces the three stages of fatigue crack growth and also reveals the importance of interfacial frictional bond degradation.
Fatigue Crack Growth Model of FRCs

Fatigue Damage on Material Constituents
Progressive fatigue damage on material constituents is responsible for fatigue life of a material. The fatigue damage in FRCs must be quantified for the development of a micromechanics-based model. Here, material constituents include matrix, fibers, and fibermatrix interface, and these undergo microscopic changes during fatigue loading. Some of the microscopic changes in turn cause a detrimental change in macroscopic material properties. For example, the development of microcracks in concrete is supposed to decrease concrete elastic modulus, whereas it is supposed to increase concrete fracture toughness. [1] [2] [3] Among a number of microscopic changes during fatigue loading, fatigue crack growth can be considered the damage most responsible for fatigue life of FRCs and, therefore, must be focused on. FRCs fail in fatigue when a fracture propagates unstably subsequent to stable crack growth under fatigue loading. 4, 5 Thus, fatigue life of FRCs is controlled by fatigue crack growth behavior.
Fatigue crack growth in FRCs is affected by three main factors: matrix fatigue crack growth law specific to a matrix, crack bridging by fibers, and fatigue damage in fibermatrix interface and/or bridging fibers. These three factors are discussed in the following sections. First, matrix fatigue crack growth is quantified with the Paris law, which relates the crack growth rate to the crack tip stress intensity factor amplitude. Second, a cyclic constitutive law between the crack bridging stress amplitude and the crack opening displacement amplitude due to fibers and aggregates is described. With the cyclic constitutive law, the crack tip stress intensity factor amplitude, which is reduced by crack bridging, can be evaluated. Finally, the interfacial frictional bond degradation under cyclic sliding is quantified assuming that the bond degradation is governed by the accumulated crack opening displacement change.
Fatigue Damage on Matrix: Fatigue Crack Growth
Fatigue crack growth has been observed to obey a Paris law type equation for metals, ceramics, and concrete. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] The Paris law gives the relation between the crack growth rate and the crack tip stress intensity factor amplitude, namely
where a=crack length, N=number of load cycles, C=Paris constant, K tip =crack tip stress intensity factor amplitude, and n=Paris constant. 20 Then, fatigue life, N f , is obtained by
where a i =initial crack length and a f =final crack length. In this model, the aggregates are viewed as bridging elements co-existing with the fibers, so that the cement paste serves as the brittle matrix in FRC composites. Assuming linear elastic fracture mechanics for simplicity, a f , is related to the cement fracture toughness, K c , by
where  max =maximum applied stress in a given load amplitude and F=dimensionless correction factor, which is a function of body geometry, loading mode, and crack configuration.
Therefore, the problem reduces to obtaining K tip of FRCs. The crack tip stress intensity factor amplitude of fiber composites is attributed to external applied loading and crack bridging, so K tip can be divided into two terms:
where K a =stress intensity factor amplitude due to external applied loading and K b =stress intensity factor amplitude due to crack bridging (see Figure 1) . K a is a function of body geometry, loading mode, and crack configuration and, for a beam in flexural bending that has a crack on the tension face, is given by
where w=beam depth,  a x     o 1  2x w   (linear gradient for bending),  o =applied external stress amplitude, and x is measured from the tension face of the beam.
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 o is related to applied external moment amplitude, M, through
where b=beam width. G(x,a,w) is a weight function that represents a unit force contribution to the crack tip stress intensity factor, as follows:
where h 1 is found in Tada   21 and Cox and Marshall
22
.
Similarly, K b is a function of the relation between the crack bridging stress amplitude,  b , and the crack opening displacement amplitude, , (hereafter referred to as the cyclic constitutive law) and is given by
where  b ()=cyclic constitutive law and (x)=crack opening displacement amplitude at a point, x, on the crack surface.
K tip can be calculated as described above, given a body geometry, a loading mode, a crack configuration, and a cyclic constitutive law, if the crack opening displacement amplitude at a point, x, on the crack surface, (x), is known a priori. The crack opening displacement amplitude at each point on the crack surface can be obtained by solving an integral equation:
where E=matrix modulus. A self-consistent solution for the crack profile change is obtained by numerically solving the integral equation. Details on the numerical scheme can be found in Cox and Marshall. 22 
Effect of Crack Bridging: Cyclic Constitutive Law
Crack bridging stress in FRCs is exerted by fibers and aggregates, so the cyclic constitutive law of FRCs can be obtained by the superposition of crack bridging stress-crack opening displacement relations due to fibers and aggregates under cyclic loading. A cyclic constitutive law due to fibers and one due to aggregates are briefly discussed here.
The cyclic constitutive law due to fibers is derived based on the micromechanics of fiber bridging. Load amplitude, P, -crack opening displacement amplitude, , relation for a single fiber is obtained, then the fiber bridging stress amplitude,  f , -crack opening displacement amplitude,  relation can be derived by integrating the load carried by individual single fibers with the assumption of 3-D random distribution of the fibers.
Expression of  f () is summarized in Appendix I, and more details of  f () can be found in Wu et al. 23 and Matsumoto and Li 24 . The resulting cyclic constitutive law can be represented by a normalized form:
where
, and E f =fiber modulus.
The complete form of (10) The monotonic constitutive law due to fibers is required for the evaluation of the cyclic constitutive law since  max is related to the maximum bridging stress,  f max , experienced in the preceding load cycle. The monotonic constitutive law between the fiber bridging stress,  f , and the crack opening displacement, , has been derived by Li.
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Expressions of  f ()
for pre-peak and post-peak are summarized in Appendix I.
Normalized curves of fiber bridging stress-crack opening displacement relation for a short fiber composite with ˜  * =0.002 are shown in Figures 2 and 3 for pre-peak and post-peak respectively. Note that = max - and  f = f max - f in the unloading curves where the unloading occurs at ( max ,  f max ).
As for the cyclic response of aggregate bridging in tension, some models have been proposed. 26, 27 These are not constructed with physical microstructural parameters, but are based on experimental observations. Due to the lack of a physical model, the cyclic constitutive law due to aggregates is modeled with a simple assumption based on the monotonic constitutive law due to aggregates. 28 This empirical model fits a wide range of experimental data. For the cyclic constitutive law, the aggregate bridging stress,  m , and the crack opening displacement, , are assumed to decrease to zero when unloading occurs.
Thus, no crack opening displacement remains when the full unloading to zero occurs. substituted into (8) , and the crack tip shielding effect due to bridging fibers on the fatigue crack growth rate can be computed via (1).
Fatigue Damage on Fibers: Interfacial Bond Degradation
Degradation of interfacial bond strength is focused on in this paper. Interfacial degradation under cyclic loading is suggested by experimental observations in fiber reinforced ceramic 29 and fiber reinforced concrete 30 . Interfacial frictional bond degradation seems more reasonable for a composite with pull-out (frictional bond-controlled interface) of (shorter) fibers, whereas fatigue fracture of fibers is more reasonable for a composite with rupture (chemical bond-controlled interface) of (longer) fibers or with high stress amplitude conditions. 31 Following Matsumoto and Li, 24 a bilinear function for interfacial frictional bond strength, , is assumed:
where  i =initial bond strength, a=degradation coefficient (negative for degradation),
N=number of load cycles,  i =crack opening displacement change at i-th cycle, and  f =final or steady state bond strength. Here, the interfacial bond degradation is measured with
The interfacial frictional bond strength then degrades (a is negative) with the accumulated crack opening displacement change. This degraded friction influences fatigue crack growth behavior by modifying the fiber cyclic constitutive law (10) in response to both the number of cycles and the crack opening displacement changes experienced at each point on the bridged crack surface. Interfacial degradation also directly influences the maximum fiber bridging strength attainable in a given load cycle via the monotonic constitutive law,  f (),
given by (I 1) and (I 2).
The non-uniform crack opening displacement in a flexural beam requires that the accumulated crack opening displacement change be a function of the position on the crack surface:
This in turn means that the interfacial bond degradation is a function of the position on the crack surface. The bond strength degrades more near the crack mouth, since fibers are subjected to larger number of cycles and crack opening displacement changes, whereas the undegraded bond strength is exerted in the newly created crack surface near the crack tip.
Fatigue Crack Growth Analysis
Fatigue crack growth is simulated with the theoretical model described above and is compared to the data of a fatigue experiment of an FRC by Stang and Jun. Matrix fatigue crack growth law for cementitious materials has not been well determined, although experimental investigations have been carried out by three independent research groups. [16] [17] [18] [19] Their experimental crack growth curves were fitted to the Paris law which relates the crack growth rate to the crack tip stress intensity factor amplitude. for the determination of both fatigue crack growth law and its constants specific to cementitious materials. In this paper, the Paris constants, C and n, for concrete are taken from Baluch et al. 16 for R=0.2 (Table 1) .  Crack bridging stress is assumed to be exerted by aggregates and two types of fibers (hooked-end steel and polypropylene fibers), and is obtained by the superposition of these three bridging stresses. Each bridging stress can be obtained with the parameters given in Tables 2 through 4 and with the constitutive laws for monotonic and cyclic loading. Slip softening relation at the fiber-matrix interface under monotonic loading is used. 32 The relation is given by
where  o =initial bond strength and, according to an experimental evaluation, 33 the parameters a 1 and a 2 are reported to be -2 and 0 for hooked-end steel and are equal to zero for polypropylene.
Interfacial degradation test has been performed by Stang and Jun, 30 but experimental characterization of interfacial degradation has just begun. Due to the lack of experimental data, the bond strength of both hooked-end steel and polypropylene fibers are assumed to degrade at the same rate, r. Hence,
where subscripts hs and pp represent hooked steel and polypropylene fiber respectively, _o and _f represent initial and final steady state value, and r=a hs / hs_o =a pp / pp_o (negative for degradation). r f =0.5 is assumed in the current simulation.
Results
The static flexural test of the FRC beam is simulated using the microstructural parameters in Tables 2 through 4 . The static simulation is executed in a similar fashion to the fatigue simulation. Figure 5 shows the relation between the crack length and the equilibrium flexural stress. An initial unbridged flaw of 2mm is assumed on the tension face of the beam, and the crack from the flaw develops in a stable manner up to the maximum flexural stress. The maximum flexural stress (the static flexural strength) is observed at a fairly long crack length due to crack bridging. At the maximum fatigue loading level, which is 90% of the static flexural strength, the crack length is 55mm long which is the same length observed in the experiment. The experiment showed that the first cracking strength is 7.35MPa and the static flexural strength 9.46MPa, and this agrees with the computed results.
The computed fatigue crack growth curve based on the integration of (2) is compared with the experimental data in Figure 6 . The theoretical simulation successfully reproduces the three stages of crack growth observed in the experiment, and the degradation rate, r, =-0.0035/mm gives the number of cycles to failure measured in the experiment. The three distinct stages can be explained as follows. The crack tip stress intensity factor amplitude due to external applied loading, K a , increases with the length of a crack emanating from the tension face and has an infinite value when the crack length is equal to the depth of the beam. At the same time, the magnitude of the crack tip stress intensity factor amplitude due to crack bridging, K b , increases with the development of the bridging zone. Note that K b has a negative sign. The initial decelerated growth is caused by the effective reduction of the net crack tip stress intensity factor amplitude, K tip , due to the development of the bridging zone. The steady state growth is caused by the constant value of K tip when the increase of K a is balanced with the increase of K b . The final accelerated growth eventually follows since, near the compression face, K a rapidly surpasses K b .
Two discrepancies are seen in the comparison of the computed curve with the experimental data. First, the initial deceleration is overestimated in the simulation. Second, the final acceleration takes place rapidly in the simulation. The simulated crack growth in both the initial and final stages is closely related to the behavior of the interfacial bond degradation.
It is possible that the interfacial bond degradation can be represented by a better function
given by the superposition of two kinds of interfacial bond degradation for the two fibers in this hybrid FRC.
Effect of degradation on fatigue crack growth
Damage accumulation during fatigue crack growth is shown as decaying interfacial frictional bond strength along the crack surface in Figure 7 . As the crack length increases by fatigue crack growth, interfacial frictional bond suffers from degradation. Degradation is most severe near the crack mouth where the largest accumulated crack opening displacement change is experienced. As expected, degradation is minimal near the crack tip because the newly created surface has not experienced a large value of accumulated crack opening displacement yet.
Fatigue crack growth with and without degradation is simulated with the theoretical model developed in this paper and is shown in Figure 8 . Without degradation, fatigue crack is arrested at 64mm, and infinite fatigue life is predicted. This is because the net crack tip stress intensity factor amplitude, K tip , is effectively decreased to zero with the development of the bridging zone where fibers are not degraded.
The effect of different degradation rates on fatigue crack growth is also examined in Figure   8 . It is seen for all three cases with degradation that the initial and final crack growth spend a small number of load cycles compared to the total fatigue life and that most of fatigue life is spent in the second steady state growth. The steady state crack growth is controlled by the net crack tip stress intensity factor amplitude, K tip . With the higher degradation rate, the reduction in K tip due to fiber bridging is smaller, so that the fatigue crack grows faster resulting in shorter fatigue life.
Discussion
Design for high fatigue resistance It is known in many materials [6] [7] [8] that fatigue crack growth rate becomes negligible when the net crack tip stress intensity factor amplitude, K tip , is below a threshold value, K th , so the above discussion on achieving negligible crack growth rate is equivalent to achieving K tip below K th . As mentioned above, K a increases with the crack length, so does K tip , if K tip is equal to K a without fiber bridging (K b =0). K tip can be lowered to below K th with the addition of fibers. This means that a properly designed FRC can arrest the fatigue crack even after the crack starts to grow, showing an advantage of FRCs. By contrast, concrete has no means to lower K th , once a fatigue crack starts to grow.
Fatigue limit is known to exist for many materials, especially for metals. Under the fatigue limit load level, virtually infinite number of load cycles can be applied without having fatigue failure, and this has been well demonstrated in the standard stress-life analysis (S-N analysis). It is reasonable that the fatigue limit can be connected to the threshold stress intensity factor amplitude, K th , since negligibly slower crack growth leads to virtually infinite life. Furthermore, it should be noted that the threshold stress intensity factor amplitude is a matrix property for fatigue crack activation which is independent of body geometry and loading mode.
Based on the discussions above, it appears possible to design an FRC member with high fatigue resistance that satisfies a given fatigue life requirement (either finite or infinite).
Fiber bridging degradation as a fundamental material property
Fiber bridging degradation can be treated as a fundamental material property which is specific to a given fiber composite. This property is the cycle-dependent relation between the bridging stress and the crack opening displacement, which governs the behavior of FRC structures under cyclic loading, and can be utilized in a similar manner that tensionsoftening properties are utilized for both theoretical and experimental investigations of FRCs under monotonic loading.
Theoretical investigation with fiber bridging degradation is necessary for a structural analysis of general FRC structures where cycle-dependent crack bridging is important.
Experimental investigation is needed for the following three issues. First, fiber bridging degradation test can reveal the parameter which governs the degradation behavior. This will assess the validity of the concept of accumulated crack opening displacement change introduced in the current paper. Second, degradation mechanism can be revealed.
Degradation can occur by interfacial bond degradation or fiber fatigue fracture, and this can be identified and understood more clearly by microscopic observation. Third, degradation behavior can be modified with the revealed mechanism. For example, interface modification by fiber surface treatment or matrix densification can modify the degradation behavior.
These investigations on fiber bridging degradation property can play some role of the constitutive relation is similar to the uniaxial tensile stress-crack opening relation which has been shown to be one of the most important fundamental properties governing a variety of FRC behaviors. 32, [35] [36] [37] Another implication of the present model is on efficient prediction of fatigue life of a structural member subjected to high frequency cyclic loading. Although the model calculations have been carried out for an FRC beam under flexural loading, the fundamental concept behind this fatigue model is widely applicable to other body geometry and loading configuration. Specifically, the weight function expressed in (7) will need to be modified for other than a flexural beam, with all other elements in the model remaining the same. For more complicated geometries where analytical weight functions are not available, the fundamental matrix fatigue crack growth concept, the cyclic constitutive bridging contribution from fibers, and the interfacial bond degradation concept described in this paper can still be applied, even if it is necessary to couple them with a finite element model.
In conclusion, the fatigue crack growth analysis of FRC described in this paper has implications on material design, on fatigue property characterization, and on prediction of fatigue life of FRC structural elements subjected to cyclic loading.
Finally the present study highlights two areas in which knowledge is severely deficient. In addition to interface bond degradation pointed out above, crack growth law for cementitious materials such as cement, mortar, and concrete needs to be investigated.
Crack growth rate can be dependent on crack tip stress intensity factor amplitude, K tip , maximum crack tip stress intensity factor, K max , or a combination of both. With the crack growth law that covers mean stress effect, a wide range of loading situations can be analyzed.
where ˜  f   f  o and ˜   L f 2  . The fiber bridging stress change due to fibers in debonding, ˜  f debonding , is obtained by an integration with the assumption of 3D randomness in fiber orientation, , and centroidal location, z, relative to crack plane. With
The factor e f in (I 4) refers to a snubbing effect 38 which describes the mechanical interactions between a loaded inclined fiber and a matrix material. 
where  m u =maximum aggregate bridging stress at =0,  o =crack opening displacement which corresponds to the half of  m u , and p describes the shape of the bridging curve ( Figure 4 ).
The aggregate bridging cyclic constitutive law is simply given by
where ( max ,  m max ) is the point at which unloading occurs. 
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